We show that every vertex-transitive, edge-transitive graph of odd valence and subexponential growth is 1-transitive, thus extending to infinite graphs a theorem of W. T. Tutte for finite graphs. We describe a number of counterexamples in the case of exponential growth.
INTRODUCTION
In this note the symbol T will denote an undirected simple graph; Y may be finite or infinite. In [5, p. 59, item 7 .53], W. T. Tutte proved that every finite, vertex-transitive, edge-transitive graph Y of odd valence is 1-transitive. He inquired whether his result still held when the valence of Y is even. A negative answer to Tutte's query was provided by I. Z. Bouwer with an infinite family of finite counterexamples [1] .
The main result of the present note is that Tutte's theorem holds for infinite graphs, provided that their growth is subexponential, that is, if d(k) denotes the number of vertices at distance k from some fixed vertex and if a is any real number such that a > 1 , then \iminf(d(k)/a ) = 0. Several families of examples in the final section show that if the growth is exponential, then Tutte's theorem is not necessarily extendable, regardless of the parity of the valence. Another example illustrates the indispensability of the condition of odd valence, even when the growth is subexponential.
Preliminaries
The symbols V(Y), E(Y), and p(Y) (or just p ) will denote, respectively, the vertex set, the edge set, and the valence (when constant on V(Y)) of Y. We say that Y is \-transitive if given {xj, y¡} e E(Y) (i = 1,2), there exists an automorphism <p of Y such that <p(xx) = x2 and <p(yx) = y2 ■ If S ç V(Y), then d(S) denotes the set of vertices in F(T)\5 which are adjacent to at least one vertex of S. When S is a set of vertices in a directed graph, we define d(S) similarly, with no regard for the orientation of the edges.
We use the notion of an "end" in a graph as formulated by R. Halin [2] . In order to complete the discussion we note that our theorem does not hold for infinite connected graphs of even valence and subexponential growth, in fact not even for graphs of constant growth. This can be seen by a modification of one of Bouwer's examples. We let V(Y0) = Z x ZQ, where Z denotes the ring of integers and Z9 is the ring of integers modulo 9. For / g Z, let r(i) denote the residue of /' modulo 6. The set E(YQ) will consist of all 2-subsets of K(ro) of the following two types: {(/', a), (i + 1 , a)} and {(/', a), (i + 1 , a + 2r(,))} , where / e Z, a G Z9 and arithmetic is executed in the appropriate ring. (Thus Bouwer's smallest counterexample X(2 ,6,9) on 54 vertices is a quotient graph of T0 obtained by identifying vertices whose first coordinates are congruent modulo 6.) Note that p(Y0) -4 ; each vertex is incident with two edges of each type. The proof that ro is vertex-and edge-transitive is identical to [ 1, Proposition 1] . To see that T0 is not 1-transitive we first observe that the only vertex sets S of ro with at most 9 vertices and the property that ro -S has two infinite components are the sets S¡ = {(/ ,a)\a G Z9}. So if T0 has an automorphism <p such that q>(( 1 ,0)) = (2,0) and (p((2,0)) = ( 1 ,0), then tp(Sx) -S2, <p{S2) = Sx and <p(S3) -S0 . Then the 6-cycle with vertices (1,0), (2,0), (3, 4) , (2, 4) , (1, 2) , (2,2) would be mapped into a 6-cycle with one vertex in S0 , two vertices in S2, and three vertices in Sx . But it is easy to see that ro has no such 6-cycle, and hence T0 is not 1-transitive.
